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1. Introduction
Lineability/spaceability, a recent trend in mathematics, is the search for (closed) infinite dimen-
sional linear subspaces inside certain sets of topological vector spaces that fail to have a linear
structure. By maximal spaceability we mean the search for closed subspaces of maximal dimension.
More precisely, a subset A of a topological vector space E is said to be:
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• μ-spaceable, where μ is a cardinal number, if A ∪ {0} contains a closed μ-dimensional subspace
of E.
• Maximal spaceable if it is dim E-spaceable.
Many interesting results in the field have been discovered lately, mainly concerning lineabil-
ity/spaceability in functions spaces [1,3,4,7,8,18–22,27], sequence spaces [1,2,6,9,23], spaces of lin-
ear operators/homogeneous polynomials [10,11,23,28,31], and even spaces of holomorphic functions
[24]. Nevertheless, maximal spaceability is rarely obtained. Almost all of the known results achieve
c-spaceability at most. The aim of this paper is to introduce a maximal spaceability technique for
topological vector sequence spaces.
Given an infinite dimensional Banach space X , the technique we introduce gives maximal space-
ability in topological vector spaces formed by X-valued sequences. Very little is known aboutmaximal
spaceability in this context, and even some natural c-spaceability questions remain open. For exam-
ple, denoting by wp (X) the Banach (p-Banach if 0 < p < 1) space of weakly p-summable X-valued
sequences, it is unknown if wp (X) − wq (X), 0 < q < p < ∞, is c-spaceable. In Section 3 we prove a
quite general maximal spaceability result (cf. Theorem 3.1) in the setting of a broad class of topological
vector sequence spaces, which includesmetrizable and locally convex spaces formed by vector-valued
sequences. Particularizing to concrete spaces,we settle several questions on classical sequences spaces
that remained open due to the inadequacy of the known previous techniques. For example, we prove
(cf. Corollary 3.3) that wp (X)−wq (X), and even p(X)−wq (X), are actuallymaximal spaceable. More-
over, we obtain information about sequence spaces that had not been studied before in the context of
spaceability, such as Rad(X) and p〈X〉 (cf. Corollaries 3.4 and 3.5), both of them important tools in the
geometry of Banach spaces.
In order to get information about so many different spaces as particular cases of one single result,
an abstract framework – called sequence functors (cf. Definition 2.1) – had to be constructed. Although
a bit involved at first glance, we believe the richness of examples and the applicability of the main
result justify the introduction of such an abstract concept.
In a final remark (cf. Remark 3.8) we point out that the spaceability technique we introduce is not
restricted to sequence spaces.
LetK = R orC. Henceforth all linear spaces are overK.
2. Sequence functors
Given sets A1, A2, consider the projections
πj : A1 × A2 −→ Aj, πj(a1, a2) = aj , j = 1, 2.
Given a linear space X , a vector x ∈ X and a scalar sequence a = (an)∞n=1 ∈ KN, consider the X-valued
sequence
a ⊗ x := (anx)∞n=1.
By B we mean the class of all Banach spaces over K, by TVS the class of all topological vector spaces
overK and byMSN the class of all metrics and family of seminorms that induce the topology of some
space belonging to TVS.
Definition 2.1. A sequence functor is a correspondence
E : E × B −→ TVS×MSN,
where E is a non-empty set, such that:
(a) One of the two following possibilities occurs:
(a1) For all p ∈ E and X ∈ B, π1(E(p, X)) is a metrizable topological vector space and, in this case,
π2(E(p, X)) is a translation invariantmetric, denoted by dE(p,X), that induces the linear topology
of π1(E(p, X)); or
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(a2) For all p ∈ E and X ∈ B, π1(E(p, X)) is a locally convex space and, in this case, π2(E(p, X)) is
a family of seminorms that induces the topology of π1(E(p, X)).
For simplicity – and unambiguously – from now on we shall write, in both cases, E(p, X) for
the space, that is, E(p, X) := π1(E(p, X)).
(b) For all p ∈ E and X ∈ B, E(p, X) is a linear subspace of XN with the usual coordinatewise
sequence algebraic operations and, given a ∈ KN and x ∈ X , x 	= 0,
a ⊗ x ∈ E(p, X) if and only if a ∈ E(p,K).
(c) Let p ∈ E and an infinite dimensional X ∈ B be given.
(c1) If (a1) occurs, there are constants LX,p,MX,p > 0 such that
LX,p · ‖x‖ · dE(p,K)(a, 0)  dE(p,X)(a ⊗ x, 0)  MX,p · ‖x‖ · dE(p,K)(a, 0),
for all a ∈ E(p,K) and x ∈ X .
(c2) If (a2) occurs, there are a constant KX,p > 0 and a continuous seminorm αE(p,X) ∈ π2(E(p, X))
such that
‖wj‖X  KX,p · αE(p,X) (w) ,
for all w = (wn)∞n=1 ∈ E(p, X) and j ∈ N.
When E is a singleton, we shall simply write E : B −→ TVS×MSN, X ∈ B → E(X).
Example 2.2.
(a) The correspondence
X ∈ B → E(X) = (c0(X), ‖ · ‖∞),
where c0(X) is the Banach space of all norm-null X-valued sequences endowed with the sup
norm ‖ · ‖∞, is a sequence functor.
(b) GivenaBanachspaceX , letBX denote its closedunitball andX
′ its topologicaldual. If 0 < p < ∞,
let:
• p(X) be the Banach (p-Banach if 0 < p < ∞) space of all X-valued absolutely p-summable
sequences (xn)
∞
n=1 (see [15, Section 8]) endowed with the norm (p-norm if 0 < p < 1)
‖(xn)∞n=1‖p =
( ∞∑
n=1
‖xn‖pX
)1/p
.
• wp (X) be the Banach (p-Banach if 0 < p < ∞) space of all X-valued weakly p-summable
sequences (xn)
∞
n=1, that is, (ϕ(xn))∞n=1 ∈ p for every ϕ ∈ X′ (see [15, Section 8]), endowed
with the norm (p-norm if 0 < p < 1)
‖(xn)∞n=1‖w,p = sup
ϕ∈BX′
( ∞∑
n=1
|ϕ(xn)|p
)1/p
.
• up(X) be the closed subspace of wp (X) formed by all unconditionally p-summable sequences
(xn)
∞
n=1, that is, limk→∞ ‖(xn)∞n=k‖w,p = 0 (see [15, 8.2]).
Since the topologies of Banach and quasi-Banach spaces are induced by translation invariant
metrics, the following correspondences are sequence functors:
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(p, X) ∈ (0,∞) × B →
⎧⎪⎪⎪⎨⎪⎪⎪⎩
E(p, X) = (p(X), ‖ · ‖p),
F(p, X) = (wp (X), ‖ · ‖w,p),
G(p, X) = (up(X), ‖ · ‖w,p).
(c) For 1  p < ∞ and a Banach space X , let p〈X〉 be the Banach space of all Cohen-p-summable
X-valued sequences (xn)
∞
n=1 (see [5,12–14]), that is,
‖(xj)∞j=1‖p〈X〉 := sup
⎧⎨⎩
∞∑
j=1
|y∗j (xj)| : ‖(y∗j )∞j=1‖wp′ (X′) = 1
⎫⎬⎭ < ∞.
The correspondence
(p, X) ∈ [1,∞) × B → E(p, X) = (p〈X〉, ‖ · ‖p〈X〉),
is a sequence functor. From [5, Theorem 1], we have that p〈K〉 = p, so condition 2.1(c1)
follows from [5, Lemma 1].
(d) Given a Banach space X , by Rad(X) we mean the Banach space of all almost unconditionally
summable X-valued sequences (xn)
∞
n=1 (see [17, p.233]) endowed with the norm
‖(xn)∞n=1‖Rad(X) =
⎛⎝∫ 1
0
∥∥∥∥∥
∞∑
n=1
rn(t)xn
∥∥∥∥∥
2
X
dt
⎞⎠1/2 ,
where (rn)
∞
n=1 are the Rademacher functions. The correspondence
X ∈ B → E(X) = (Rad(X), ‖ · ‖Rad(X)),
is a sequence functor. Khintchine’s inequalities (see [17, 1.10]) shows that Rad(K) = 2 as sets
and that the norm ‖ · ‖Rad(K) is equivalent to the usual 2-norm.
Nowwe give two examples where E(p,K) 	= p; E(p,K) being a non-normed locally convex
space in one of them and non-locally convex in the other one.
(e) Given 1  p < ∞ and a Banach space X , consider
+p (X) :=
⋂
q>p
q(X),
endowedwith the locally convex topology generated by the family of norms
(‖ · ‖q)q>p. Actually
+p (X) is a Fréchet space. Condition 2.1(c2) is easily checked, so the correspondence
(p, X) ∈ [1,∞) × B → E(p, X) =
(
+p (X), (‖ · ‖q)q>p,
)
,
is a sequence functor. The scalar component +p (K) is the Metafune–Moscatelli space lp+ [26].
(f) (Lorentz spaces) Let X be a Banach space. For x = (xj)∞j=1 ∈ ∞(X), define
aX,n(x) := inf {‖x − u‖∞ : u ∈ c00(X) and card(u) < n} ,
where c00(X) is the space of eventually null X-valued sequences, and card(u) denotes the car-
dinality of the set {j : uj 	= 0} where u = (uj)∞j=1 ∈ c00(X).
For 0 < r, q < +∞, the Lorentz sequence space (r,q)(X) (see [25], for the scalar case see
[29,30]) consists of all sequences x = (xj)∞j=1 ∈ ∞(X) such that(
n
1
r
− 1
q aX,n(x)
)∞
n=1
∈ q,
which becomes a complete quasi-normed space with the quasi-norm
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‖x‖(r,q)(X) =
∥∥∥∥(n 1r − 1q aX,n(x))∞
n=1
∥∥∥∥
q
.
It is well known that (r,q)(X) ⊆ c0(X) and it is also easy to prove that if x = (xj)∞j=1 ∈ c0(X),
then x admits a non-increasing rearrangement, that is, there is an injection π : N −→ N such
that xπ(1)  xπ(2)  · · · (see [29, Theorem 13.6.]). It follows that aX,n(x) = ‖xπ(n)‖ for every
n. Therefore,
‖a ⊗ y‖(r,q)(X) = ‖y‖X · ‖a‖(r,q)(K),
for all a ∈ (r,q)(K) and y ∈ X . According to these remarks, the correspondence
((r, q), X) ∈ [(0,∞) × (0,∞)] × B → E((r, q), X) =
(
(r,q)(X), ‖ · ‖(r,q)(X)
)
,
is a sequence functor.
3. Results
For a Banach space X , given subsets A and B of XN, by A − B we mean the set A ∩ (XN − B). Let
A be a subset of a topological vector space E. Unless otherwise explicitly stated, saying that E − A is
μ-spaceable means that it is μ-spaceable in E. Now we prove our main result:
Theorem 3.1. Let E, F be sequence functors and X be an infinite dimensional Banach space. If
⋂
p∈E
E(p,K)
− ⋃
q∈F
F(q,K) 	= ∅, then ⋂
p∈E
E(p, X) − ⋃
q∈F
F(q, X) is maximal spaceable in each E(p, X), p ∈ E.
Proof. Let a = (an)∞n=1 ∈
⋂
p∈E
E(p,K) − ⋃
q∈F
F(q,K) and observe that a 	= 0. Let p ∈ E . As E(p, X)
is a sequence functor, the operator
T : X −→ E(p, X) , T(x) = a ⊗ x,
is well defined. Its linearity is clear. Let us see that T is injective. Given x ∈ X with
0 = T(x) = a ⊗ x = (anx)∞n=1,
from the fact that an 	= 0 for some n ∈ N it follows that x = 0. So the range of T , denoted by
U = {a ⊗ x : x ∈ X}, is a dim X-dimensional subspace of E(p, X). We just have to show that:
(i) U − {0} ⊆ ⋂
r∈E
E(r, X) − ⋃
q∈F
F(q, X),
(ii) dimU = dim E(p, X),
(iii) U is a closed subspace of E(p, X).
(i) Let u ∈ U − {0}. Then u = a ⊗ x for some 0 	= x ∈ X . Since a ∈ ⋂
r∈E
E(r,K) − ⋃
q∈F
F(q,K)
and E, F are sequence functors, by condition 2.1(b) it follows that u = a ⊗ x ∈ ⋂
r∈E
E(r, X) −⋃
q∈F
F(q, X).
(ii) We already know that dimU = dim X . On the other hand, since X is an infinite dimensional
Banach space and U ⊆ E(p, X) ⊆ XN,
dim X = dimU  dim E(p, X)  dim XN = dim X,
proving (ii).
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(iii) Let w belong to the closure of U in E(p, X). Assume first that 2.1(a1) occurs. In this metrizable
case there is a sequence (a ⊗ xk)∞k=1 ⊆ U such that limk→∞ a⊗xk = w in E(p, X). In particular,
(a ⊗ xk)∞k=1 is a Cauchy sequence in E(p, X). As LX,p, dE(p,K)(a, 0) > 0 and the metric dE(p,X) is
translation invariant, condition 2.1(c1) gives
‖xk − xm‖X  1
LX,p · dE(p,K)(a, 0) · dE(p,X)(a ⊗ (xk − xm), 0)
= 1
LX,p · dE(p,K)(a, 0) · dE(p,X)(a ⊗ xk − a ⊗ xm, 0)
= 1
LX,p · dE(p,K)(a, 0) · dE(p,X)(a ⊗ xk, a ⊗ xm)
k,m→∞−→ 0,
which shows that (xk)
∞
k=1 is a Cauchy sequence inX , hence convergent. Say limk→∞ xk = x ∈ X .
From
dE(p,X)(a ⊗ xk − a ⊗ x, 0) = dE(p,X)(a ⊗ (xk − x), 0)
 MX,p · ‖xk − x‖X · dE(p,K)(a, 0) k→∞−→ 0,
we conclude that limk→∞(a ⊗ xk − a ⊗ x) = 0 in E(p, X). Since the topology on E(p, X) is
linear, we have that limk→∞ a ⊗ xk = a ⊗ x. It follows that w = a ⊗ x ∈ U.
Assume now that 2.1(a2) occurs. There is nothing to do if w = 0, so assume that w 	= 0. There
are a directed set  and a net (a ⊗ xλ)λ∈ ⊆ U such that limλ∈ a ⊗ xλ = w in E(p, X). Let KX,p
and αE(p,X) be as in condition 2.1(c2). Then limλ∈ αE(p,X)(a ⊗ xλ − w) = 0. Putting w = (wn)∞n=1
and using that the algebraic operations in E(p, X) are the usual coordinatewise sequence operations,
condition 2.1(c2) gives
‖ajxλ − wj‖X  KX,p · αE(p,X) ((anxλ − wn)∞n=1) = KX,p · αE(p,X) ((anxλ)∞n=1 − (wn)∞n=1)
= KX,p · αE(p,X) (a ⊗ xλ − w) λ∈−→ 0,
for every j ∈ N. So,
lim
λ∈ ajxλ = wj in X for every j ∈ N. (1)
Sincew 	= 0, there is r ∈ N such thatwr 	= 0. From limλ∈ arxλ = wr 	= 0 it follows that ar 	= 0 and
wr = ar · limλ∈ xλ. Calling x := wrar = limλ∈ xk ∈ X , from (1) it follows that wn = anx for every
n ∈ N. Hence w = a ⊗ x ∈ U. 
Considering the sequence functors listed in Example 2.2, Theorem 3.1 encompasses several known
results as particular cases. But we prefer to focus on some consequences of Theorem 3.1 we believe
were unknown until now.
To the best of our knowledge, nothing is known about the spaceability of c0(X) − ⋃
p>0
wp (X). Since
c0 − ⋃
p>0
p 	= ∅, Theorem 3.1 gives:
Corollary 3.2. Let X be an infinite dimensional Banach space. Then
c0(X) − ⋃
p>0
wp (X)
is maximal spaceable.
As far as we know, it is unknownwhether or not wp (X)−wq (X) and p(X)−wq (X) are c-spaceable
for 0 < q < p < ∞. The known techniques, to the best of our knowledge, are useless in this
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context. Observe that, as p(X) is not closed in 
w
p (X) for any infinite-dimensional Banach space X , the
spaceabilityofwp (X)−wq (X) is not a straightforwardconsequenceof the spaceabilityofp(X)−wq (X).
Since p(K) − ⋃
0<q<p
wq (K) = up(K) −
⋃
0<q<p
wq (K) = p −
⋃
0<q<p
q 	= ∅, now we know much
more:
Corollary 3.3. Let 0 < p < ∞ and X be an infinite dimensional Banach space. Then
p(X) − ⋃
0<q<p
wq (X) and 
u
p(X) −
⋃
0<q<p
wq (X)
are maximal spaceable. In particular, wp (X) −
⋃
0<q<p
wq (X) is maximal-spaceable.
Recalling that p〈X〉 ⊆ p(X) for p  1 (see [12, p.739]), in the case p > 1 we also know that:
Corollary 3.4. Let 1 < p < ∞ and X be an infinite dimensional Banach space. Then
p〈X〉 − ⋃
0<q<p
wq (X)
is maximal spaceable.
Proof. Use that p〈K〉 = p [5, Theorem 1], wq (K) = q and p −
⋃
0<q<p
q 	= ∅. 
The sequence functor Rad of Example 2.2(d) plays a central role in the geometry of Banach spaces.
For example, for 1  p  2  q  ∞, a Banach space X has type p if and only if p(X) ⊆ Rad(X)
and has cotype q if and only if Rad(X) ⊆ q(X) (cf. [17, Proposition 12.4]). Wonder if, in these cases,
Rad(X) − p(X) and q(X) − Rad(X) are spaceable? For p 	= 2 	= qwe know much more than that:
Corollary 3.5. Let X bean infinite dimensional Banach space. ThenRad(X)− ⋃
0<p<2
wp (X)and
⋂
p>2
p(X)−
Rad(X) are maximal spaceable (the latter in the locally convex topology of +2 (X)).
Proof. Use that Rad(K) = 2 as sets (Khintchine’s inequalities [17, 1.10]), wp (K) = p, 2 −⋃
p∈(0,2)
p 	= ∅ and +2 − 2 	= ∅. 
In [6] it is proved that, for an infinite-dimensional Banach space X , +p (X) − p(X) is maximal
spaceable in the locally convex topology of +p (X). Since +p (K) − wp (K) = +p − p 	= ∅, now we
know a bit more:
Corollary 3.6. Let 1  p < ∞ and X be an infinite dimensional Banach space. Then +p (X) − wp (X) is
maximal spaceable in the locally convex topology of +p (X).
Several results about Lorentz sequence spaces can be stated. We give just one example. As r2,q2 −
r1,q1 	= ∅ whenever 0 < r1 < r2 < ∞ (see [30, 2.1.12]), we have:
Corollary 3.7. Let 0 < r1 < r2 < ∞. Then r2,q2(X) − r1,q1(X) is maximal spaceable for all 0 <
q1, q2 < ∞ and every Banach space X.
Remark 3.8. An examination of the proof of Theorem 3.1 makes clear that the argument works in
spaces other than sequence spaces. Just to illustrate, let us take a tensorial approach in the normed
case. By α we denote a reasonable crossnorm (see [32, Chapter 6]). Given Banach spaces X and Y , by
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X⊗αY wemean thenormedspace (X⊗Y, α). According to [32, Proposition6.1],α(x⊗y) = ‖x‖X ·‖y‖Y
for all x ∈ X and y ∈ Y . Reasoning as in the proof of Theorem 3.1, we get:
Let X and Y be Banach spaces and A be a proper subset of Y . Then Y ⊗α X − A⊗X is dim X-spaceable
in Y ⊗α X, where A⊗X = {a ⊗ x : a ∈ A and x ∈ X}.
This tensorial approach recovers some of the normed cases we studied before. For p  1: c0(X) =
c0⊗̂εX [16, Theorem 1.1.11] and up(X) = p⊗̂εX [12, Proposition 3], where ε is the injective norm;
p〈X〉 = p⊗̂πX [13, Theorem 1], where π is the projective norm; p(X) = p⊗̂
pX [15, 8.1], where

p is the reasonable crossnorm studied in [15, Section 7].
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